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Abstract. It is general knowledge that the harmonic mean H{x, y) = ^ ^ 

y 

and that the geometric mean G{x,y) = , where x and y are two positive 
numbers. In the paper, the authors show by several approaches that the 
harmonic mean Hx,y{t) = H(x + t,y -\- 1) and the geometric mean Gx,y{t) = 
G(x + t, y + t) are all Bernstein functions of t £ (— min{a;, jy}, oo) and establish 
integral representations of the means Hx.y{t) and Gx.y{t)- 



1. Introduction 
1.1. Some definitions. We recall some notions and definitions. 

Definition 1.1 ([17, 27]). A function / is said to be completely monotonic on an 
interval / C K if / has derivatives of all orders on / and 

(-l)"/(")(t) >0 (1.1) 

for alH e / and ne {0}U N. 

Definition 1.2 ([2]). If /<'='(*) for some nonnegative integer k is completely mono- 
tonic on an interval ICR, but f^^~^\t) is not completely monotonic on /, then 
f{t) is called a completely monotonic function of k-th. order on an interval /. 

Definition 1.3 ([20, 22]). A function / is said to be logarithmically completely 
monotonic on an interval / C R if its logarithm In / satisfies 

(-l)'=[ln/(i)]W >0 (1.2) 

for alH e / and fc e N. 

Definition 1.4 ([25, 27]). A function / : / C (—00,00) — > [0,oo) is called a 
Bernstein function on / if f{t) has derivatives of all orders and f'{t) is completely 
monotonic on /. 

Definition 1.5 ([25]). A Stieltjes function is a function / : (0,oo) [0,oo) which 
can be written in the form 

/•OO -1 

/(a;) = -+5+/ -—d^,{s), (1.3) 
X Jq s + x 

where a, h are nonnegative constants and /i is a nonnegative measure on (0, 00) such 
that i^'^tJ-{s) < 00. 
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Definition 1.6 ([9]). Let f{x) be a nonncgative function and have derivatives of all 
orders on (0, oo). A number r e K U {±00} is said to be the completely monotonic 
degree of f{x) with respect to x € (0, cxd) if x^f{x) is a completely monotonic 
function on (0, 00) but x^'^^f{x) is not for any positive number e > 0. 

In what follows, for convenience, we denote the sets of completely monotonic 
functions on J C R, logarithmically completely monotonic functions on / C R, 
Stieltjes functions, and Bernstein functions on J C IR by C[I], £[1], S, and B[I] 
respectively. 

1.2. Some relationships and a characterization. Now we briefly describe some 
basic relationships between the above defined classes of functions and list a char- 
acterization of Bernstein functions on (0,oo). 

In [3, 10, 20, 22], any logarithmically completely monotonic function on an in- 
terval I was once again proved to be completely monotonic on I. In [3] , the set of 
all Stieltjes functions was proved to be a subset of all logarithmically completely 
monotonic functions on (0,oo). See also [24, Remark 4.8]. Conclusively, 

5 c £[(0,00)] c C[(0,oo)]. (1.4) 

It is obvious that any nonnegative completely monotonic function of first order 
is a Bernstein function. 

The relation between Bernstein functions and logarithmically completely mono- 
tonic functions was discovered in [7, pp. 161-162, Theorem 3] and [25, p. 45, Propo- 
sition 5.17], which reads that the reciprocal of any positive Bernstein function is 
logarithmically completely monotonic. In other words, 

0<fGB[I]^j€C[I]. (1.5) 

A relation between <S and B[{0, 00)] was given by [4, Theorem 5.4] which may be 
recited as 

0<feS^jeB[{0,oo)]. (1.6) 

It is easy to see that the degree of any completely monotonic function on (0, 00) is 
at least zero. Conversely, if a nonnegative function f{x) on (0, 00) has a nonnegative 
degree r, then it must be a completely monotonic function on (G,oo). See [9, 
p. 9890]. 

Bernstein functions can be characterized by [25, p. 15, Theorem 3.2] which states 
that a function / : (0, 00) — >^ R is a Bernstein function if and only if it admits the 
representation 

POO 

f{x) = a + bx+ (1 - e-^*) dM(t), (1-7) 
Jo 

where o, 6 > and /it is a measure on (0, 00) satisfying min{l, t} diJ.{t) < 00. 

For information on characterizations of the classes C[(0, 00)] and £[(0, 00)], please 
refer to related texts in [3, 25, 27] and references cited therein. 

1.3. Some means. We recall from [26] that the extended mean value E{r,s;x,y) 
may be defined by 

l/(s-r) 



E{r,s;x,y) 



r^y" — x") 



rs{r - s)ix - y) 0; (1.8) 
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E{r,0;x,y) 



1 1/- 



r(lny — In a;) 

1 /x^'^ ^ 



r{x-y)j^O; (1.9) 



i?(r,r;x,y)--^(^— J , r(x - y) ^ 0; (1.10) 

E{0,0;x,y)^y^, x ^ y- (1.11) 

E{r, s]X,x) = X, X = y; 

where x, y are positive numbers and r, s e M. Because this mean was first defined 
in [26] , so it is also called Stolarsky's mean by a number of mathematicians. Many 
special means with two positive variables are special cases of E, for example, 



E{r, 2r;x,y) 


= Mr{x,y), 


(power mean) 


E{l,p;x,y) 


= Lp{x,y), 


(generalized logarithmic mean 


E{l,l;x,y) 


= I{x,y), 


(exponential mean) 


E{l,2;x,y) 


= A{x,y), 


(arithmetic mean) 


E{0,0;x,y) 


= G{x,y), 


(geometric mean) 


E{-2,-l;x,y) 


= H{x,y), 


(harmonic mean) 


E{0,l;x,y) 


= L{x,y). 


(logarithmic mean) 



For more information on E, please refer to the monograph [6], the papers [11, 12, 
19, 13], and a lot of closely-related references therein. 



1.4. The arithmetic mean is a Bernstein function. It is easy to see that the 

arithmetic mean 

Ax^y{t) = A{x + t,y + t)^ A{x, y) + t 
is a trivial Bernstein function of t G (— minja;, y}, oo) for x,y > Q. 



1.5. The exponential mean is a Bernstein function. In [23, p. 116, Remark 6], 

it was pointed out that, 

(1) by standard arguments, it is easy to verify that the reciprocal of the expo- 
nential mean 



Ix,v{t)=I{x + t,y + t) = i 



{x + i) 



x+t 



{y + t) 



v+t 



l/(x-j/) 



(1.12) 



for X, y > with a; y is a logarithmically completely monotonic function 
of i € (— min{a;, y}, oo); 
(2) from the newly-discovered integral representation 



/(a;,y) = exp( — ^ — / Inwdu), 

\y-xJo, J 



(1.13) 



it is easy to obtain that the exponential mean Ix,y{t) for t > — minja:, y} 
with X ^ y is also a completely monotonic fimction of first order (that is, 
a Bernstein function). 
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1.6. The logarithmic mean is a Bernstein function. In [18, p. 616, Re- 
mark 3.7], the logarithmic mean 

L^,y{t)=L{x + t,y + t) (1.14) 

was proved to be increasing and concave mt > — mm{x, y} for x,y > with x ^ y. 

More strongly, the logarithmic mean Lx,y{t) was proved in [21, Theorem 1] to 
be a completely monotonic function of first order on (— min{a;, y}, oo) for x,y > 
with X y. Therefore, the logarithmic mean L^^yit) is a Bernstein function of 

t G (— minja;, y}, oo). 

Remark 1.1. By [7, pp. 161-162, Theorem 3] or [25, p. 45, Proposition 5.17], 
the logarithmically complete monotonicity of the exponential mean Ix,yit) and the 
logarithmic mean Lx.y{t) can be deduced respectively from their common property 

that thoy arc Bernstein hmctions. 

1.7. Main results. The goals of this paper arc to prove that the harmonic mean 

Hx,y{t)=H{x + t,y + t) = (1-15) 

x+t + y+t 

and the geometric mean 

Gx,v{t) = G{x + t,y + t) = + t){y + 1) (1.16) 

are all Bernstein functions of t on (— min{x, y}, oo) for x. y > with x ^ y, and to 
establish integral representations of Hx^y{t) and Gx^y{t). 

2. Lemmas 

In order to prove our main results, the following lemmas are needed. 
Lemma 2.1. For i € N, the i-th derivatives of the functions 



h{t) = ^l + -^, (2.1) 

the reciprocal and 

H{t) = h{t) + ^ (2.2) 



on (0, cxd) may be computed by 

i-l 

■ J2 (2.4) 



hit) 



k=0 



2H^{l+tyh{t) 



k=0 

i-l 



fe=0 



where 



i^-l)H\{2^^2k-ly^ , 

_ (^-l)!^!(2^-2fc-3)!! ,, 

{i-k-l)\{i-k)\k\ ' ^ 
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_ (^-l)!(^ + l)!(2^-2fc-l)!! ^, 

{i-k-iy.{i-k + iy.k\ ■ ^ ' 

Consequently, the functions h(t) and H{t) are completely monotonic on (0,oo), and 
the reciprocal is a Bernstein function on (0,00). 

Inductive proof of Lemma 2.1. A direct calculation yields h'{t) = — 2tVi(^t) ' ^^^ich 
means that 

ai,o = 1- (2.9) 
So, the formulas (2.3) and (2.6) are valid for z = 1 and k = 0. 
Differentiating on both sides of (2.3) gives 

i—l 

w L wj 2H'+^{l + ty-^h{t) ' 



^ ^[l + 2(i-A;) + 2(2i-fc)t]ai,fe*'= 



2i+Hi+^{i + tyh{t) 
- 2*+it»+2(i + f)*/i(f) fr'o ' 

Because 

z— 1 z— 1 i—l 

+ 2{i -k) + 2{2i - k)t]ai,kt'' = + 2{i - k)]ai,kt'' + ^ 2(2i - k)ai,kt^+^ 

fc=0 fe=0 fc=0 

i—l i 

= ^[1 + 2{i - kyai^kt'' + J2 2(2i -k + l)ai,k-it'' 

k=Q k=l 

= (1 + 2i)aifi + + 2(« - k)]ai,k + 2{2i -k + l)ai,k-i}t'' + 2{i + l)ai,i-it\ 

we obtain 

Oi+1,0 = (1 + 2i)ai,o, (2.10) 

ai+i,i = 2zai,i_i, (2.11) 

and, for < A; < i, 

ai+i,fe = [1 + 2{i - k)]ai,k + 2{2i -k + l)ai,fe_i. (2.12) 
Combining (2.9) with (2.10) and (2.11) results in 

aifi = [21 - 1)!! (2.13) 

and 

a,,,_i = 2^-1^!. (2.14) 
Taking = i — 1 in (2.12) and using (2.14) give 

ai+i,^_i = 3a^^^-l + 2{i + 2)a,,,_2 = 3 • 2'-^i\ + 2{i + 2)a^^,^2- (2.15) 

From (2.13), it is easily deduced that a2,o = 3. Substituting this into (2.15) and 
recurring repeatedly lead to 

ai,i-2 = 3{i - l)2'-^i\. (2.16) 
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Taking k = i — 2 in (2.12) and using (2.16) show 

ai+i,i_2 = 5a,,i_2 + 2{i + 3)a^,,_3 = 15(i - 1)2'-^^! + 2{i + 3)a^,,_3. (2.17) 

Prom (2.13), it is readily deduced that 03^0 = 15- Substituting this into (2.17) and 
recurring repeatedly reveal 

ai,,_3 = 5(i-2)(i-l)2'-5i!. (2.18) 

Taking A; = i — 3 in (2.12) and using (2.18) show 

a,+i,i_3 = 7ai,i_3 + 2ii + 4)ai,,_4 = 35(i - 2){i - l)2'-^i\ + 2{i + A)ai^^-4■ (2.19) 

From (2.13), it is immediately obtained that 04,0 = 105. Substituting this into (2.19) 
and recurring repeatedly yield 

35 

ai,i-4 = y (i - 3)(^ - 2)(z - 1)2^-8^!. (2.20) 
By the same arguments as above, wc may obtain 

ai,i_5 = 21(i - 4)(z - 3)(z - 2){i - l)2*-"i! (2.21) 

and 

ai,i-6 = ^{i - 5)(i - 4)(i - 3){i - 2){i - 1)2^-^H\. (2.22) 



Inductively, we can derive that 

ii-k) 



ai,i-k = Ai,i_fc-|-4^2*-'=i! (2.23) 



(2.24) 



for < /c < i. Specially, we have 

A -1 A _3 _5 

— J-) '^i,i-2 — 2' ^^1,1-3 — ^> 

_ 35 _ 21 X _ 77 

Replacing A; by i — ^ in (2.23) yields 

ai,e = Ai,^-^^^y^2^i! (2.25) 
for < f < i. Substituting (2.25) into (2.12) leads to 

[1 + 2{i - e)]Xi,e + £{2i - I + l)Ai,^_i = i{i + l)Ai+i,^ (2.26) 
for < ^ < i. The equality (2.26) is equivalent to 

(1 + 2A;)Ai,i_fc + (i - k){i + A; + l)Ai,i_fe_i = i{i + l)Ai+i,i_fe (2.27) 
for < A; < i. 

The quantities in (2.24) implies that \i^i-h = IJ-k, that is, Xi^i-k is independent 
of i. Then the equality (2.27) may be written as 

(1 + 2k)fik = + k){i + k + l)]/ife+i = A;(l + k)iJLk+i (2.28) 

for < A; < i. Recurring (2.28) by ^\ = Xi^i-i = 1 reveals 

(2fc-l)!! 

= - {k-l)\k\ ^^-^^^ 

for < A; < i. As a result, by (2.29), we conclude that 

_ (2fc-l)n (z-1)! , 

'^^'^-'=-(fc-i)!fc! {i-ky.^ ^2-^°^ 
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for < fc < i. Replacing k hy i — £ in (2.30) shows 

(2i-2^-l)!! {i-iy. 



2H\ 



(2.31) 



{i - i - iy.{i - ey. e\ 

for < £ < i. It is easy to verify that the sequence (2.31) for < < ?' — 1 meets 
the recursion formulas (2.10), (2.11), and (2.12). The formulas (2.3) and (2.6) for 
general terms are thus proved. 

It is obvious that h'{t) = — 2tH.(t) which is equivalent to = —2t^h'{t). 
Therefore, using the formulas (2.3) and (2.6) just verified, we have 



h{t) 



(i) 



= -2 



i 



= -2 



;jt2/.(^+i)(t) + 2(^;jt/iW(i) + 2(^;jM^-i)(i) 

(_!)»+! ^ (-l)'i ^ 

2i+Hi{i + tyh{t) ^ 2i-Hi{i + ty-^h{t) ^-'"'''^ 

2i-H%i + ty-^h{t) fr'o 



(-1) 



i+1 



fc=o 



k=0 



2ip{l + tyh{t) 

(-1)*+^ f . 

- — r- — 4m,- n — 4i(i — l)a,_i n — flj+i n 

2H'{l+tyh{t)\ ' ^ ' ■ ^ ' 

+ [4z(aj,i + ai,o) - 4z(i - l)(a,_i,i + 2ai_i,o) - ai+i,i]t 

+ [4i(ai,i_i + ai,i_2) - 4i(i - l)(ai_i,i_3 + 2ai_i,i_2) - ai+i,j_i]f 

i-2 

+ [4iaj,i_i - 4i(i - l)oi_i,i_2 - aj+i,i]i' + ^[4i(aj,fc + ai,fe_i) 

fe=2 

- Ai{i - l)(aj_i,fe + 2ai_i,fc_i + ai_i,fc_2) - aj+i,*;]**'! 



i-l 



(z-l)!z!(2»-2fc-3)!! ^fe^,_ 



2»t*(l + tyh{t) ^ (i - fc - l)!(i - ky.k\ 

Hence, the general formulas (2.4) and (2.7) are obtained. 
Adding the two formulas (2.3) and (2.4) yields 



1 



h{t) 



{-ly 



2ip+'^{l+tyh{t) 



k=0 



fe=0 
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(-1)* 



2't'+i(l + i)*/i(t) 
(-1)* 



i-l 



i-l 



.fc=0 



k=0 
i-l 



^(ai,fc-i - bi,k-i)t'' + y^gj.fct'' 



.fc=i 



fc=0 



(-1) 



2Hi+\l + tyh{t) 

i-iy 



2't'+i(l + i)'/i(t) 

i-l 

^(ai,fe-i — &i,fc-i + ai,k)t^ + (cii,i-i — bi^i-i)f 



«i,0 



fc=l 



(2i-l)!! + ^ 
fc=i 



(i-l)!(i + l)!(2z-2fc-l)! 
(i- fc - l)!(i-fc + l)!fc! 



kj.k 



2H- 



^ (i-l)!(i + l)!(2i-2fc-l)!! ^,^,_ 



2'i'+i(l + ^ (i - A; - l)!(i - fc + l)!fc! 

This implies that the function H{t) is completely monotonic on (0, oo). The proof 
of Lemma 2.1 is completed. □ 

Short proofs of a part of Lemma 2.1. In [25, p. 13, Remark 2.4], it was collected as 
an example that the function is a Stieltjes function for a > 0. The property (iv) 
in Section 3 of [4] (See also the property (vii) in [16, Theorem 1.3]) reads that if 
f G S then /" G S for < a < 1. Specially for a = 1 and a = ^, we have 
hi{t) = ^^^^ e S. The property (i) in Section 3 of [4] (See also the property (i) 
in [16, Theorem 1.3]) states that if / G iS \ {0} then jj^j^ G S. Applying this 
property to h\ (t) brings out 



h{t) = 



(2.32) 



hi{l/t) 

which means, by the relation from the very ends of the inclusions (1.4), that h{t) G 
C[(0,oo)] and, by the relation (1.6), that ^ e fi[(0,oo)]. 

In [25, p. 24, Remark 3.11], it was listed as examples that h2{t) =t^G ^[{0, oo)] 
for < /3 < 1 and hsit) = G ^[(0,oo)]. The item (iii) of Corollary 3.7 in [25, 
p. 20] write that if /i,/2 G S[(0, oo)] then /i o /a e ;B[(0, oo)]. Applying /i and /2 

respectively to /i2 and reveals once again that 



Taking hs^x) 



^ and h4{t) 



1 

h{t) 



e6[(0,oo)]. 
It is easy to see that 



\/i+Vt ' 

hs e C[(0,1)] and < h4{t) < 1. A part of Theorem 3.6 in [25, p. 19] asserts 

that if < / e S[(0,oo)] then g o f e C[(0,oo)] for every g € C[(0, oo)]. Since 
/i4 e S[(0,oo)], applying / and g in this assertion respectively to /14 and hs leads 



to H(t) = h{t) 



hit) 



G C[(0, 00)]. The proof of Lemma 2.1 is completed. 



□ 



Lemma 2.2. For z G C\(— oo,0], the complex functions h{z) and have integral 
representations 

du 



h{2) 



I + i 

TT 



1-1. 

u u + z 



and 



h{z) 



= 1 



du 
u + z 



(2.33) 



(2.34) 



BERNSTEIN FUNCTIONS AND INTEGRAL REPRESENTATIONS OF MEANS 



9 



Consequently, the functions h{t) and 1— are Stieltjes functions and the complex 
function H{z) has the integral integral representation 

1 



for 2 G C \ (—00, 0], where 

.1/2 



H{z)=2+- [ p(s)e-^Ms 

TT Jo 



(2.35) 



p{s)= / g(u)[l-e-(^-2")'']e-"MM= / 
Jo Jo 

is nonnegative on {0,oo) and 

q{u) = ./I^ - 



1/2 



i (e''"-e-"«)e-«/2du 
(2.36) 



(2.37) 



on (0,1). 

Proof by Cauchy integral formula. By standard arguments, we immediately obtain 
that 



lim[^;/i(2;)l = lim \/ z'^ + z = . /lim(, 

z^O^ ^ " z-)-0 V z->-o 



' + ^) =0, 



lim — — = lim \ = \ lim — = 

z^o h{z) z^o \ \ + z V z^o 1 + z 



lim \ 1 



= J I + lim i = 1, 

V 2— >00 Z 



lim 



1 



/ 1 + lim^-^oo \ 
h{'z) = h{z), 
1 



= 1, 



h{z) 



1 



(2.38) 

(2.39) 

(2.40) 
(2.41) 

(2.42) 
(2.43) 



For t e (0, oo) and e > 0, we have 



—t — is 



In 



t"^ +e'^ -t 



= exp^ - 



\np{t,e) + iarg 



72~ — 2 =exp 

f/ + 

t'^ +e'^ -t 



- i arg 



—t — ie 

^2 +£2 

e 



i2+e2 %2 + g2 



+ £2 - t 
t2+£2 "'^2^ 




lnp(f, £) + i arctan ^2^2 
lnp(f, e) + if arctan 



^2 + £2 



TT 



i2+£2 '2 



i2 + £2 - t > 0, 

i2 + £2 - t < 0, 

^2 + £2 _ ^ ^ 0^ 



where 
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Hence, 



Qh{-t + is) = < 



Accordingly, 



exp 
exp 



-lnp{t,e) 



. , 1 e 
sm( -arctan^^q:-^ 

. ■ 1 e 
sm - arctan 

2 



t > 0; 



t2 + £2 2 



■exp(^ln^jsin" 



4' 



lim ^h(—t + ie) = < 

£-)-0+ 



00, 

0, 



1, 0<t<l; 

t = l; 
t > 1. 



+ - i = 0. 

(2.44) 



Similarly, for t S (0, oo) and £ > 0, we have 



h{-t + is) 



exp 



■In 1 



—t — ie 



cxp-^ 



1 
2 



lnp(t, e) +i arctan 



e 



lnp{t,e) + 1 arctan 



t2 +£2 



i2 + £2 



exp'l — - ( In 



i2+, 



^2 



t2 + £2 - f > 0; 

t2 + £2 _ i < 0; 

42 + £2 - f = 0. 



Therefore, 



1 



■ exp 

- exp 



-- In p{t,e) 
-^\np{t,e) 




t2+£^ 



42 + £2 - f > 0; 
t2 + £2 - f < 0; 
42 + £2 - i = 0. 



Consequently, 



lim S 

e->0+ 



+ ie) 



1-t' 



00, 
0, 



< i < 1; 

t = l; 
t>l. 



(2.45) 



Let D be a bounded domain with picccwisc smooth boundary. Tlic famous 
Cauchy integral formula (See [8, p. 113]) reads that if f{z) is analytic on D, and 
f{z) extends smoothly to the boundary of D, then 



1 

2^1 



dw, z G D. 



(2.46) 



/goW-Z 

For any fixed point z G C \ (— oo,0], choose < £ < 1 and r > such that 
< £ < 1 2; I < r, and consider the positively oriented contour C{e, r) in C \ (—00, 0] 
consisting of the half circle z = £e'^ for e [— f , f ] and the half lines z = x±ie 
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for a; < until they cut the circle \z\ = r, which close the contour at the points 
— r(e) ± ze, where < r{e) — > r as £ — > 0. See Figure 1. 




Figure 1. The contour C(e,r) 

By the above mentioned Cauchy integral formula, we have 
h{z) — - — : (/) — — —Aw 





r hH 


27ri 


Jc(e,r) W- Z 


1 




27ri 


.A/2 ee' 



d9 



h{x + ie) 

r(£) X + ie z 



dx 



■ c 

/ Q X ts z 

By the limit (2.38), it follows that 

-Tr/2 



arg[-r(e)+ie] ,>„ie 



ire n\re 



■ de 



arg[— r(£)— ie] 



lim 

e->0+ 



lee 



de = 0. 



/2 



In virtue of the limit (2.40), it can be derived that 



arg[-r(e)+i£] ,>„ie 



lim 

e— Jarg[— r(e) — ie] 



d9 = lim 



'/i(re^») 



re' 



Making use of the limits (2.42) and (2.44) yields that 



■° h{x + ie) 

-r(£) ^ ^~ ^ ^ 



-'■(^^ h{x-ie) 



(2.47) 



(2.48) 



de = 27ri. (2.49) 



dx — 



X — le ~ z 



r{e) 



h{x + ie) h{x — ie) 



X -\- ie — z X ~ ie — z 
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rO 



-I 



{x — is — z)h{x + ie) — {x + ie — z)h{x — is) ^ 



{x + ie — z){x — is — z) 

-L 



° {x — z)[h{x + is) — h{x — is)] — is[h{x — is) + h{x + is)] ^ 



r(e) 



{x + ie — z){x — ie — z) 

f° {x - z)^h{x + ie) - em{x + ie) , 
= 2l I : : r dx 

(X + te — z)[x — le — z) 



i 

-2i [ 
Jo 



limg^o+ 5/i(x + z£) (2.50) 



^2i I ' ' dx 

X — z 

2- I linie^o+ '^h{-t + is) 

t + z 

^-2il lime^o+ ^H-t + ze)^^ 
t + z 



dt 
t + z 



as e ^ 0+ and r ^ oo. Substituting equations (2.48), (2.49), and (2.50) into (2.47) 
and simplifying produce the integral representation (2.33). 

Similarly, by the above mentioned Cauchy integral formula, we have 



1 






h{z) 


2nij 


C{e,r) W-Z 






/2 i£e'«[l//i(ee'«)] 




~ 2^i 


I 7^/2 ee*« - z 












x-ie- z 



dO+f '-M^dx (2.51) 

J-r{e) X + ie — Z 
»arg[-r(e)+j£] jrC*^ [l//^ (rc*^)] 



re'^ — z 



d6 



From the limit (2.39), it follows that 



f-^'^ iee''\l hiee'')] , , 

lim / ^d6l = 0. 2.52) 

Se'^-Z ^ ' 



By virtue of the limit (2.41), it may be deduced that 

f.arg[-r(£)+ie] jre*^ [i//i(re*^)] 



Jars — r(e)— le 



lim 

e— ^0"*" Jarg[— r(e)— ie] 
r— J-oo 

Employing the limits (2.43) and (2.45) yields that 

° llUx + is) , r^^") \lh{x - is) ^ 
— — -ax+ \ — — ^ -ax 

-r(e) X + IS — Z Jq X — is — Z 



° (x- z)'^[l/h(x + is)]-smi/h(x + is)] , 

— da; 



{x + is — z){x — is — z) 



= 2i [ 

J —r 

r° lim^^o+ "^[l/Kx + is)] 

—r 

-2i f 
Jo 



^2i[ "-^^o+-lV-V^^^'^;j ^^ as£^0+ 

J —r Z 

„ . , limp_,n+ Qhi—t + is) , 

-2i / — ^ dt as r ^ oo 

t + z 
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Substituting equations (2.52), (2.53), and (2.54) into (2.51) and simplifying produce 

the integral representation (2.34). 
Adding (2.33) and (2.34) leads to 



H{z) = 2 + - C 



du 

Q{u) — — 

u + z 

-1 



1 / / 

2 + - / q{u) / e-("+^)Msd 

TI" Jo Jo 

2+- / / g(u)e-"Mw 

7^ Jo Uo 



Utilizing q{u) = —q{l — u) for u G (0, 1) or g(i + u) = —q{^ — u) for u G (O, ^) 
results in 



/■I /-i/a /■! 

/ g(u)e-"MM= / g(u)e-"Mu+ / g(u)e-"Mu 

Jo io ^1/2 

.1/2 .1/2 

= / g(u)e-"Mu+ / g(l - u)e-(i-")Mu 

.1/2 .1/2 

= / g(u)[e^""-e-(i-")"]du= / ^(m) [l - e'^^-^")^] e-^Mii > 
Jo io 



or 



= - [e-(i/2-«)« _ e-(V2+«)«] 

"/^ -w^(e"'' -e-"'')e-''/2dy 

> 0. 

The proof of Lemma 2.2 is thus completed. □ 

Proof by Stieltjes- Perron inversion formula. The property (x) in [16, Theorem 1.3] 

formulates that if / G 5 then /"(0+) - /"(i) G 5 for < a < 1. Since h{t) € S, 
see (2.32), and, by the property (i) in [16, Theorem 1.3], -^jjfj S S, replacing / 
by 7^(Y7t) , making use of the easy fact that /(0+) = limt_).o+ f{t) = 1, and letting 
a = 1 yield 

For a Stieltjes function / given by (1.3), by the Sticltjes-Pcrron inversion for- 
mula in [14, p. 591], we can determine the scalars a = \iin^^Q+[xf{x)] and b = 
lima;_>oo f{x) and the measure 



m(s) 



= -- lim S> / f{u + ti)du, (2.55) 
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as done in [3, 15]. Specially, for the function h{x), since a = lmi^^Q+[xh{x)] — 
and b = limx->oo h{x) = 1, we have 

= (2.56) 
Jo u + z 

for I arg^l < tt, where 



$(«) = - lim / SSJl ^—dT = --[ \ --ldT 

«^-0+ Ju V T-IS 7!" J„ V T 

when < T < 1 and $(u) =0 when r > 1 because taking s — )• 0+ we obtain 



3W1 



-[r(l - r) - s2] - si /r(l - r) 



r — zs V + 



when < T < 1 and 1 ^ ^ when r > 1. Thus we find 

y T — si 

TT \ U 

when < u < 1 and $'(u) = when m > 1. Substituting $'(u) in the representa- 
tion (2.56) results in the formula (2.33). 

The formula (2.34) for or for 1 — can be derived in a similar way as 
above. 

The rest is the same as in the first proof. Lemma 2.2 is proved once again. □ 

3. The harmonic mean is a Bernstein function 

Our results on the harmonic mean Hx^y{t) may be stated as the theorem below. 

Theorem 3.1. The harmonic mean Hx.y{t) defined by (1.15) is a Bernstein func- 
tion oft on (— min{a;, y}, oo) for x,y > with x ^ y and has the integral represen- 
tation 

Hx,y{t) = H{x,y)+t+ /°°(l-e-*")e-("+^)"/Mu. (3.1) 

4 Jo 

Consequently, 

H{x, y) = A{x, y) - e-(-+^)" du (3.2) 

,,2 foo 

H{s,y-\-s) = s+^ / (l-e-"")e-''"/2dM, s > 0. (3.3) 
4 Jo 

Proof. The harmonic mean H,j..y{t) meets 

jr, 2[x^ + y^ + 2{x + y)t + 2t'] {x - yf 

{x + y + 2tY ' + {x + y + 2tY > ('"'^ 

It is obvious that the derivative H'^y{t) is completely monotonic with respect 
to t. As a result, the harmonic mean Hx,y{t) is a Bernstein function of t on 
(— min{a;, y}, oo) for x,y > with x ^y. 

In [1, p. 255, 6.1.1], it was listed that, for > and Wk > 0, the classical Euler 
gamma function 

/■oo 

r(^) = fc^ / t^-ie-*=*di. (3.5) 
Jo 
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This formula can be rearranged as 

— = / r-^e-^'dt (3.6) 

for SR2; > and SRu; > 0. Combining (3.6) with (3.4) yields 

POO 

H'.Jt) = l + {x-yf ue-^^+y+^'^^du, (3.7) 

and so, by integrating with respect to t G (0,s) on both sides of (3.7), the for- 
mula (3.1) follows. 

Letting s — >■ cxd on both sides of (3.1) and using the limit lims^ao[Hx,y{s) — s] = 
A{x,y) generate the formula (3.2). 

Taking a; — )• 0+ in (3.1) produces (3.3). Theorem 3.1 is thus proved. □ 

Remark 3.1. By [7, pp. 161-162, Theorem 3] or [25, p. 45, Proposition 5.17], 
it can be derived that the reciprocal of the harmonic mean H^^yit), that is, the 
function ; is logarithmically completely monotonic. 

This logarithmically complete monotonicity can also be proved by considering 

a;2 + |/2 + 2(.T + y)t + 2i2 1/1 1 \ {x - yf 



{x + y + 2tf 



{x + t){y + t){x + y + 2t) 2\x + t y + t 

and that the product and sum of finitely many completely monotonic functions are 
also completely monotonic functions. 

Moreover, from (3.4), it follows readily that Hx^y{t) — f is an increasing function 

in i G (— minja;, j/}, 00) for x, y > with x ^ y. 

4. The geometric mean is a Bernstein function 

Our results on the geometric mean Gx,y{t) can be summarized as two theorems. 

Theorem 4.1. Let x,y > with x ^ y. Then the geometric mean Gx,y{t) defined 
by (1.16) is a Bernstein function oft on (— min{a;, y}, 00). 

We supply three proofs of Theorems 4.1. 

First proof. By a direct differentiation, we have 



x^-t x-\-y + 2t 



y + t 2{x + t) 

Taking the logarithm on both sides of the above equality creates 

lnG'{t)='-ln^+ln'-pL±^. (4.1) 
^'^^ ^ 2 y + t 2{x + t) ^ ^ 

In [1, p. 230, 5.1.32], it was collected that for a > and 6 > 0, 

h r°° p-au _ „—bu 

\n-= du. (4.2) 

o Jo 

Using this formula in (4.1) leads to 

lnG'^Jt) = J^ dv. 

Since the function e~* is convex on M, we have 

g-(x+t)u _^ ^-iy+t)v _ 2^-v[{x+t)+{y+t)]/2 > q_ 
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Therefore, we have 

This means that the derivative G",. y (t) is logarithniicany completely monotonic, 
and so it is also completely monotonic. As a result, the geometric mean Gx,y{t) is 
a Bernstein function. □ 

Second proof. It is clear that the geometric mean Gx.y{t) satisfies 



t 



+ 



y + t 



and 



where 



y + t 

[lnGx,y{t)]' = 



x + t 



1 



= -{,/i+ — 





' I 


' \ 




•^x^t 


y + tj 


X - 






y- 


ft 


y + t 



(4.3) 



(4.4) 



(4.5) 



If < a; < y, then < Ux,y{t) < 1 for i e (— x, oo) and u'^^y{t) = j^^^ is completely 
monotonic in f e {—x, oo). On the other hand, the function f{u) is positive and 



(2i-3)!!^_(2,_i)/2 , (2i-l)!! ^_(2,+i)/2' 



(-l)'(2i-3)!! 



1 



2i+i 



,(2z-l)/2 



2i- 1 



for i e N, which implies that the function f{u) is completely monotonic on (0, 1); 
A ready modification of a conclusion in [5, p. 83] yields the following conclusion: 
If g and h' are completely monotonic functions such that g{h{x)) is defined on 
an interval I, then x i— >■ g{h{x)) is also completely monotonic on /; So, when 
y > X > 0, the derivative G'^ y{t) is completely monotonic and the geometric 
mean Gx.y{t) is a Bernstein function. Consequently, considering the symmetric 
property Gx,y{t) — Gy^x{t), it is easily obtained that the geometric mean Gx,y{t) 
for t G {— min{a;, y}, oo) with a; 7^ y is a Bernstein function. □ 

Remark 4.1. Prom the equality in (4.3), it is easy to derive that the function 

Gx,y{t) t is increasing in t G (— min{x, y}, 00) for x, y > with x ^ y. 

From (4.4), it is immediate to deduce that the reciprocal of the geometric mean 
Gx,y{t) is a logarithmically completely monotonic function of t G {— min{a;, y}, 00) 
for a;, y > with x 7^ y. 



Third proof. By (4.3) and (4.5), it follows that 



G'x,y{t) — 



and 



[G'xM)] 



y + t 



h{ 



1 



2{x-y) 



y+t - 



-H 



y + t 

x-y 



y + t 



(4.6) 



for i e {0} U N. By the formula (2.5) in Lemma 2.1, we have 
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1« - (-1) 



V4 (z-l)!(z + l)!(2i-2fc-l)!! + 
(i-h-^^\(^-k-\-^Vk^ 



fe=0 



{i - k - iy.{i - k + ly.kl \x-y 



which means that, when x > y, the derivative G'^ y{t) is completely monotonic. 
Since Gx,y{t) = Gy^x{t), when x < y, the derivative Gy ^it) is also completely 
monotonic. This implies that the geometric mean Gx,y{t) is a Bernstein function 
of i S (— min{x, y}, oo). □ 

Theorem 4.2. For x > y > and z gC \ (— oo, —y], the geometric mean Gx,y{z) 
has the integral representation 

Gx,y{z) = G{x,y) + z+^ r^(fcl)£)e-^«(l-e— )ds, (4.7) 

where the function p is defined by (2.36). Consequently, the geometric mean Gx,y{t) 
is a Bernstein function oft on (— min{a;, y},oo). 

Proof. For a; > y > and z €C \ (— oo, —y], making use of 



x-y hi^) 



2 \x-y 



ds 



and (2.35) gives 

G'x,y{z) = l+^ r pis)cxp(-y±^s)ds. 

27r 7o \ x-y J 

Integrating with respect to z from to w on both sides of the above equation and 
interchanging the order of integrals yield 

Gx,yM - OxAO) = ^ . ^ f ^ exp(----) [f - exp(--f^) 

= ^+^ r^»^-^»e-^-(l-e— )da. 
2tt Jo s ^ > 

Since Ga;,j,(0) = G{x,y), the integral representation (4.7) is readily deduced. 

By the characterization expressed by (1.7) and the integral representation (4.7) 
applied to z = t G {— minja;, y}, oo), it is immediate to see that the geometric mean 
Gx,y{t) is a Bernstein function of t on (— min{a;, y}, oo). □ 

Remark 4.2. Taking ^; ^ oo in (4.7) and using limz^oo[Gx,y{z) — z] = A{x,y) 
yield 

A{x,y) = G{x,y) + ^ T ^fc^e'^Ms > G{x,y). (4.8) 
2n Jo s 

The equality in (4.8) is valid if and only if x = y. This gives a new proof of the 
fundamental and well known AG mean inequality. 
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